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Coupled oscillations

A system of two identical 
pendulums coupled together 
has two eigen-modes of 
oscillation

from above
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depends on the coupling 



One pendulum set going - state is 
equal sum of eigenvectors at t=0

t = 0
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time, getting out of step, so 
the first pendulum comes to 
rest at times set by frequency 
𝜔1-𝜔2 ; pendulum 2 then 
moving at max. amplitude.t =

⇡
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Figure 2.4: Oscillatory pattern for a system where both normal modes are excited.

(!1�!2)/2. This means that if we were to visualise the oscillations in x and y as a function

of time then we would see a broad envelope defined by the low-frequency term, but within

this enevelope we see much higher frequency oscillations (Fig. 2.1.3).

We can also calculate the period of the oscillations in the usual way. For example the

period od the envelope is

Tenv =
2⇡

!
=

4⇡

!1 � !2
. (2.41)

Here we have a ‘beat’ frequency, where one complete period of the envelope is equal to 2

beats.

‘Beats’ is when energy is transferred between pendula.

2.1.4 Energy of a coupled pendulum

So we have now found the solutions to the coupled pendulum in tersm of how the two

pendula oscillate with time. We can also determine how the energy in the system varies

between di↵erent types of energy, the two main forms of energy being kinetic and potential

energy.

We know that for a perfect system with no friction, then the total energy of the

system is given by the sum of the potential and kinetic energies, U = KE + PE = T + V .

Amplitude of motion 
oscillates back and forth 
between pendulums 1 
and 2

1

2



B mesons undergo a similar effect - electrically 
neutral mesons mix with their anti-particles via the 
weak interaction 

W

W

t tBq Bq ⌘

b
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or d 

A particle produced as      
then oscillates to      with a 
frequency set by the eigen-
mode mass difference.  
Can tag decay to see this

bq
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Fig. 10 a Distribution of the decay time for B0
s ! D"

s !+ candi-
dates tagged as mixed and unmixed with the projection of the fit result,
which is described in the text. b Calibration of the SSK tagger using
B0
s ! D"

s !+ decays. The black points show the average measured
mistag probability, ", in bins of predicted mistag, #, the red line shows

the calibration obtained from the fit described in the text, and the yel-
low area the calibration uncertainty within one standard deviation. The
shaded histogram shows the distribution of # in the background sub-
tracted B0

s ! J/$ % sample

effective tagging power and efficiency for these both OS and
SSK tagged candidates is given in Table 2.

8 Maximum-likelihood fit

The maximum-likelihood fitting procedure is similar to that
in Ref. [27], the only major differences being the treatment
of the decay-time efficiency and that the quantity &s " &d is
measured instead of &s . It has been checked via pseudoexper-
iments that, given that the decay-time efficiency is obtained
using &d as an input parameter (see Sect. 5), the fitted value
of &s " &d and its uncertainty are independent of the value
and uncertainty of &d . This strategy has the advantage that
the measured value of &s " &d can be combined with the
most up-to-date value of &d to obtain &s or &s/&d .

Each candidate i is given a signal weight Wi using the
sPlot method with m(J/$ K+K") as a discriminating vari-
able and 'm as a conditional variable as explained in Sect. 3.
A weighted fit is then performed to the B0

s decay time and
helicity-angle distributions using a PDF that describes only
the signal. The log-likelihood in each of the 24 data subsam-
ples is scaled by a per-sample factor ( = !

i Wi/
!

i W
2
i to

account for the effect of the weights in the determination of
the parameter uncertainties [34].

The distribution of the decay time and angles for a B0
s

meson produced at time t = 0 is described by a sum of
ten terms, corresponding to the four polarisation amplitudes
squared and their interference terms. Each of these is given
by the product of a decay-time-dependent function and an
angular function

d4&(B0
s ! J/$K+K")

dt d)
#

10"

k=1

Nk hk(t) fk()), (9)

with

hk(t |B0
s ) =

3
4!

e"&t
#
ak cosh

*&t
2

+ bk sinh
*&t

2

+ck cos(*mt)+ dk sin(*mt)
$
, (10)

hk(t |B̄0
s ) =

3
4!

e"&t
#
ak cosh

*&t
2

+ bk sinh
*&t

2

"ck cos(*mt) " dk sin(*mt)
$
, (11)

where the definition of the parameters Nk , ak , bk , ck , dk and
of the function fk()) can be found in Table 3.

The interference between the different S- and P-wave con-
tributions is accounted for via an effective coupling factor,
CSP. The CSP factors are computed by integrating the inter-
ference between the S- and P-wave contributions in each
of the six m(K+K") bins in which the analysis is per-
formed, using the same strategy as in the previous analy-
sis. They are applied by multiplication to the relevant terms
in Eq. (9). The CSP factors are unity for terms involving
P-wave and S-wave amplitudes only (k < 8). In the determi-
nation of the CSP factors, the m(K+K") lineshape of the P-
wave component is described by a relativistic Breit–Wigner
distribution, while the S-wave is taken as an f0(980) reso-
nance modelled as a Flatté amplitude with parameters from
Ref. [62]. The CSP correction factors are calculated to be
0.8463, 0.8756, 0.8478, 0.8833, 0.9415 and 0.9756 from the
lowest to the highest m(K+K") bin. Their effect on the fit
results is small and is discussed further in Sect. 9, where three
different S-wave lineshapes are considered to assign a sys-
tematic uncertainty. The PDF considers four disjoint tagging
cases: only OS tagged candidates, only SSK-tagged, OS and
SSK tagged, and untagged candidates. Taking into account all

123

The two eigenmodes, 
are equal mixtures of      
      and      (if CP cons.)  bq
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Experiment: 10-12 s



Neutral B (Bs,Bd) mixing - sensitive to new physics

W

W

t tBq Bq ⌘

The expected mass difference of eigenstates,            , 
must be obtained from lattice QCD calculations of the 
matrix elements of ‘4-quark’ operators. Comparison to 
expt. gives quark weak couplings/tests for new physics 
(new virtual particles in loop)   

�Mq

u, d, s, and c quarks in the sea with u=d quark masses going
down to their physical values. Although this obviates the
need for a chiral extrapolation, we also include heavier u=d
quark masses in our set of results so that we can map out the
dependence on the light quark mass. The discretization of
QCD that we use is fully improved through O!!sa2" for
both the gluons and the light quarks (including all of those
in the sea) for which the highly improved staggered quark
(HISQ) action is used. For the b quarks we use improved
nonrelativistic QCD, which includes O!!s" corrections to
terms at order v4 (where v is the heavy quark velocity). By
linking this calculation directly to our earlier one for the
B-meson decay constants [2] (that parametrize the ampli-
tude to create a meson from the vacuum) we are able to give
results directly for the “bag parameters” associated with
each operator and take advantage of the cancellation of a
number of systematic effects. The bag parameters (to be
defined in Sec. II A) encode the multiplicative factor by
which the operator matrix element differs from that
expected in the vacuum saturation approximation, which
is related to the decay constant. To the extent to which this
approximation works (and we will show here that it does
work well) we expect the bag parameters to have very little
dependence on light quark sea or valence masses and even
on the lattice spacing. This enables improvements in
accuracy over earlier work along with a much simpler
picture of the extrapolation to the physical point.
The first unquenched lattice QCD calculations of the

matrix elements for neutral Bmeson mixing focused purely
on results for the Standard Model operators [3,4] and ratios
for Bs to Bd [5]. Calculations have also been done in the
infinite heavy quark mass limit [6]. More recently calcu-
lations of matrix elements for the full set of SM and beyond
the Standard Model (BSM) operators have been done [7,8].
The calculations in [7] use the twisted mass formalism for
all quarks on gluon field configurations including u and d
quarks in the sea. An extrapolation of results [renormalized
using the regularisation-invariant momentum-subtraction
(RI-MOM) scheme] is made from a heavy quark mass in
the charm region up to the b quark mass using ratios with a
known infinite mass limit. The calculations in [8] use the
Fermilab formalism for the b quark and the asqtad
formalism for the light quarks on gluon field configurations
that include u, d, and s quarks in the sea with the asqtad
formalism. Perturbatively renormalized 4-quark operator
matrix elements (only) are calculated and so bag parameters
must be derived using decay constant results from else-
where. A very recent result in [9] uses domain-wall quarks
on gluon field configurations including u, d, and s in the
sea and extrapolates in heavy quark mass to the b quark
mass for Bs to Bd ratios for SMmixing matrix elements and
decay constants.
In Sec. II we discuss the 4-quark operators relevant to B

mixing and how they are implemented on the lattice.
Section III describes our lattice calculation and results.

We compare our results to previous work in Sec. IV,
determine CKM elements Vts and Vtd using experimental
results on B-meson mass differences, determine branching
fractions for the rare decays of Bd and Bs to "#"!, and give
matrix elements for derived operators that contribute to
width differences. Section V gives our conclusions and
discusses the prospects for future improvements. Details
about our analysis are contained in four appendixes:
Appendix A on the lattice QCD correlators that we
calculate and how we fit them to obtain matrix elements
and bag parameters; Appendix B on the chiral perturbation
theory fits we use to combine results at physical and
unphysical light quark masses; Appendix C on correlations
in the uncertainties for our final results and last, with more
general applications beyond this analysis, Appendix D
on singular value decomposition (SVD) cuts and fitting
correlators.

II. BACKGROUND

A. Continuum 4-quark operators

Neutral B-meson mixing occurs at lowest order in the
Standard Model through box diagrams involving the
exchange of W bosons and top quarks; see Fig. 1. These
box diagrams can be well approximated by an effective
Lagrangian expressed in terms of 4-quark operators.
Here we will examine all five of the independent local
dimension-6 operators that could contribute to !B $ 2
processes [8,10]:

O1 $ %"̄i
b!V ! A""i

q&%"̄
j
b!V ! A""j

q&;

O2 $ %"̄i
b!S ! P""i

q&%"̄j
b!S ! P""j

q&;

O3 $ %"̄i
b!S ! P""j

q&%"̄j
b!S ! P""i

q&;

O4 $ %"̄i
b!S ! P""i

q&%"̄j
b!S# P""j

q&;

O5 $ %"̄i
b!S ! P""j

q&%"̄j
b!S# P""i

q&; !1"

where V $ #", A $ #"#5, S $ 1, and P $ #5, and sums
over " and color indices i and j are implicit. In the Standard
Model, the most important of these for B ! B̄mixing isO1.
This operator mixes with O2 under renormalization.
Operators O4 and O5 do not appear in the Standard
Model, but do arise in various BSM scenarios.
It is conventional to parametrize matrix elements of these

operators in terms of “bag parameters,”

FIG. 1. An example from the Standard Model of a mechanism
that mixes the neutral Bq and B̄q. The amplitude is well
approximated by a contact term for matrix elements between
Bq-meson states.
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show the extrapolated values, while the gray bands show the
±1 � uncertainty in those values. The analogous figure for
Bd mesons is very similar.
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versus m
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5.4 times the physical value. Results are shown for three dif-
ferent lattice spacings corresponding approximately to 0.15 fm
(green, ⇥s), 0.12 fm (blue, boxes), and 0.09 fm (red, circles).
The dotted lines show the extrapolated values, while the gray
bands show the ±1 � uncertainty in those values.

where each c
n,i
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n,i
a4 = 0 ± 2,

⇤QCD = 0.5 GeV is the QCD scale, and again the �a

terms allow for variation between di↵erent lattice
spacings.

The final entries (“phys.”) in both parts of Table V are
our final results at the physical values of the light-quark
masses after our chiral fit. We use chiral perturbation
theory to combine the values obtained on the di↵erent
configuration sets with di↵erent light quark masses; see
Appendix B for details. Figure 3 compares our final val-
ues for Bs mesons with the results from individual config-
uration sets. These plots show that the dependence on
lattice spacing and light-quark mass is negligible com-
pared with our uncertainties. The analogous plot for
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Bag parameters show 
little dependence on 
lattice spacing

OR on the u/d quark 
mass. Chiral pert. th. 
expects little effect for 
bag parameters. 

ANALYSIS was blinded

for Bs
= 8/3 BBs(mb)

Simultaneous fit of correlation functions give BB on each set of gluon fields - 
further fit as a function of lattice spacing and sea quark masses allows a 
physical result to be obtained. 

4% uncertainty in bag parameters is best to date. Largest source of 
uncty. is normln. of lattice 4-quark operator (cancels in Bs/Bd ratio)
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and determining other CKM elements in the same rows
or columns from the comparison of theory and experi-
ment [59–62]. For Eq. (15) it is important to use values
for Vtq that did not include �Mq itself in their determi-
nation. So we use the results from CKMfitter for the case
where only tree-level processes were used in the determi-
nation. This gives [61]

|Vts|CKMfitter, tree =
�
41.69+0.39

�1.45

�
⇥ 10�3 (16)

|Vtd|CKMfitter, tree =
�
9.08+0.23

�0.45

�
⇥ 10�3

|Vtd/Vts|CKMfitter, tree = 0.2186+0.0049
�0.0059

|Vtb|CKMfitter, tree = 0.999093+0.000064
�0.000018 .

The ratio |Vtd/Vts|CKMfitter, tree is derived from the CKM-
fitter results for A, �, ⇢ and ⌘ using the formulae in [59].
The central value di↵ers slightly from the ratio of the two
numbers above.

The final terms in Eq. (15) parameterise the hadronic
contribution to �M through the matrix element of
the appropriate 4-quark operator, O1. Our results for

f
2
Bq

B̂
(1)
Bq

are given in Eq. (13).

Putting all these pieces together we obtain predictions
for the mass di↵erences for neutral Bs and Bd eigenstates
of

�Ms,SM = 17.59(+0.33
�1.22)(0.78) ps�1 (17)

�Md,SM = 0.555(+28
�55)(29) ps�1

✓
�Md

�Ms

◆

SM

= 0.0318(+14
�17)(8) ,

where the first error in each case is from the CKM ma-
trix elements and the second error is primarily from the
lattice analyses. These results agree well with the exper-
imental values from Eq. (14) — the largest discrepancy
is 1.7� for the ratio of �M values — but they have much
larger uncertainty.

D. Vts and Vtd

Because the experimental values for �Mq are so ac-
curate, a better approach to understanding the implica-
tions of our improved lattice QCD results for the relevant
hadronic matrix elements is to turn the analysis of the
previous subsection on its head. That is, to use our re-
sults and the experimental values for �Mq to determine
values for |Vts| and |Vtd| from Eq. (15) (taking a value
for Vtb from Eq. (16) [61]). |Vts| and |Vtd| obtained this
way can then be compared to other determinations that
make use of CKM unitarity as a test of that unitarity.

The ratio of |Vts| to |Vtd| can be obtained more ac-
curately than the separate CKM elements because this
makes use of the hadronic parameter ⇠ (Eq. (13)) in
which a lot of the lattice QCD uncertainties cancel (see
Section IV A).

6.5 7.0 7.5 8.0 8.5 9.0 9.5
|Vtd| [10�3]

3.8
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4.4

|V
ts

|
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CKMFitter’18 (tree)

CKMFitter’18

UTFit’18

King et al’19

FIG. 9. A comparison of ±1� constraints on Vts and Vtd

from experimental results on Bs and Bd oscillation frequencies
compared to SM calculations. This is an update of Figure
7 in [39] to include the results presented here. The lattice
QCD constraints shown come from: this paper, dark grey;
[8], red; [9], light blue, |Vts|/|Vtd| ratio only. The light blue
lozenge is from sum rules [39]. The lozenges with dashed
boundaries include a full unitarity triangle fit: light pink is
from CKMfitter [59, 61] and orange from UTFit [60, 62]. The
green lozenge with dotted boundary is the result of a unitarity
triangle fit for tree-level processes only from CKMfitter.

Our results are

|Vtd| = 0.00867(23) (18)

|Vts| = 0.04189(93)

|Vtd| / |Vts| = 0.2071(27) .

Figure 9 plots the ±1� constraints on |Vtd|, |Vts| and
their ratio from our results as the dark grey lozenge. Re-
sults determined by other lattice QCD calculations [8, 9]
are also shown along with a recent determination using
sum rules [39]. Also shown as light pink and orange
lozenges are results from fits to the CKM unitarity trian-
gle using results from many di↵erent processes [61, 62].
Particularly relevant here is the green lozenge which re-
sults from a unitarity triangle fit that includes tree-level
processes only [61], and therefore not Bs/Bd oscillations.
Tension between results derived from �Mq (as here) and
the results derived from tree-level processes and unitar-
ity would imply the existence of new physics in loop pro-
cesses.

The Fermilab/MILC results (red lozenge in Figure 9)
highlighted an approximately 2.0� tension between their
values for Vts and Vtd and those from unitarity fits.
See [63, 64] for examples of the possible implications of
this.

Our results show no such tension. Our values for Vts

and Vtd separately agree with the {CKMfitter, tree} re-
sults in Eq. (16) within 1� and the di↵erence in the ratio
amounts to 1.8�. This limits the scope for new physics in
loop-induced processes. However, our ratio for |Vtd|/|Vts|

joins the systematic trend of the previous results shown
in Figure 9 in being below that of {CKMFitter, tree}.

Implications of lattice QCD results 

�M
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=
G2

FM
2
WMBq

6⇡2
S0(xt)⌘2B |V ⇤

tqVtb|2f2
Bq

B̂(1)
Bq
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Experimental value for Bs/d oscillation rate (𝛥M) + lattice QCD results 
gives Vts, Vtd and their ratio HPQCD result - 2.5% 

errors - best direct 
determn. - consistent 
with CKM unitarity 
from tree processes (i.e. 
not inc. 𝛥M)

Conclude: no tension 
in CKM matrix.

Vtd/Vts systematically 
lower than CKM-tree, 
however (1.8𝜎) 

±1�
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lozenges

CKM = 3x3 matrix of  
W couplings to quarks

HPQCD, 1907.01025
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E. Bq ! µ
+

µ
�

decay

The rare decays Bq ! µ
+
µ

� have very small branching
fractions in the SM since they proceed through W box di-
agrams and Z penguins and are helicity-suppressed. New
physics might then be seen if the experimental and SM
branching fractions can be determined to be di↵erent to
su�cient accuracy.

The hadronic parameter that enters the SM branch-
ing fraction is the Bq meson decay constant [65] but it
appears along with the CKM elements

��V ⇤
tqVtb

��. The un-
certainty in the value of the appropriate CKM element
is now the largest uncertainty in the value of the SM
branching fraction [13].

An alternative method for determining the branching
fraction is to take a ratio to �M [66]. In the SM (and
extensions with minimal flavour violation) the CKM el-
ements cancel out of this ratio. The decay constant also
cancels and the hadronic parameter that remains in the
ratio is the bag parameter.

The formula for the time-averaged branching frac-
tion [67], as measured in the experiment, is then given in
the SM by

Br(Bq ! `
+
`
�)

�Mq
= (19)

3G
2
F M

2
W m

2
`

⇡3
⌧BH

q

s
1 �

4m2
`

M2
Bq

|CA(µb)|2

S0(xt)⌘2BB̂
(1)
Bq

.

Here CA(µb) includes electroweak and QCD corrections
and is given for µb= 5 GeV in [65]. We use CA(µb) =
0.4694(36) [8]. The lifetime ⌧BH

q
that appears in this

formula is that of the heavy neutral eigenstate [67]. For
the Bd this can be taken as the average lifetime, 1.520(4)
ps [68, 69] but for the Bs there is a measured di↵erence of
lifetimes and the heavy eigenstate has the longer lifetime,
1.615(9) ps [68, 69]. Values for S0(xt) and ⌘2B are given
in Section IVD.

Using our results for the bag parameters for O1 given in
Eq. (12) and the experimental values for �M in Eq. (14)
we obtain the following values for the branching fractions:

Br(Bs ! µ
+
µ

�) = 3.81(18) ⇥ 10�9 (20)

Br(Bd ! µ
+
µ

�) = 1.031(54) ⇥ 10�10
.

We can also obtain the ratio of branching fractions for
Bs and Bd [66]

Br(Bs ! µ
+
µ

�)

Br(Bd ! µ+µ�)
=

⌧BH
s

⌧BH

d

B̂
(1)
Bd

B̂
(1)
Bs

�Ms

�Md
. (21)

Here we have dropped the terms in m
2
µ/M

2
Bq

since they
are negligible. There is a lot of cancellation in this ratio,
including of systematic errors in the ratio of bag param-
eters (see our results in Eq. (12)). We obtain the result

Br(Bd ! µ
+
µ

�)

Br(Bs ! µ+µ�)
= 0.02706(70). (22)
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FIG. 10. A comparison of the SM branching fractions for Bs

and Bd to decay to µ
+

µ
� from lattice QCD results with the

current experimental measurements. The grey lozenge shows
results from our calculation here of the bag parameters and
a ratio to experimental results for �Mq (Eqs. (20) and (22)).
The red lozenge shows results from a Fermilab/MILC calcu-
lation of Bd and Bs decay constants, combined with input
CKM elements [13]. The blue band shows the current ex-
perimental average for Br(Bs ! µ

+
µ
�) [11]; only an upper

bound exists for Br(Bd ! µ
+

µ
�).

Figure 10 shows our predictions in the SM for the
branching fractions from Eqs. (20) and (22) as the grey
lozenge. The red lozenge shows lattice QCD predic-
tions [13] for the branching fractions using the direct
approach where the hadronic parameter needed is the
decay constant and this is combined with input for the
CKM elements Vtq and Vtb, along with other factors. The
errors in the results from [13] are dominated by uncer-
tainties in the CKM elements, which are taken from a
global unitarity triangle fit that includes both tree and
loop-induced processes2.

Figure 10 shows good agreement between the two lat-
tice QCD predictions. This reflects the fact that, as de-
scribed in Section IV D our results for the bag param-
eters yield CKM elements |Vts| and |Vtd| in agreement
with CKM unitarity determinations. Our results imply
consistency of the CKM matrix (within uncertainties)
and hence the two approaches of using the decay con-
stants plus CKM elements or using the bag parameters
and �Mq will agree.

Note that our results in Eq. (20) include uncertainties
in the parameters of Eq. (21). They do not include un-
certainties from electromagnetic corrections to the decay
process. These are estimated to lead to a reduction of
0.3–1.1% in the muonic branching fractions in [70]. This
is not significant given the current uncertainties in our
SM predictions, but will need to be addressed as reduce
uncertainties in future.

2 Note that we include the constraint on the ratio from the July
2019 update of [13].

Bs/d ! µ+µ�
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Bs " µµ
! Super rare decay in SM with well! Super rare decay in SM with well

predicted BR(Bs " µµ) = (3.55±0.33)×10-9

! Sensitive to NP in MSSM

BR ! tan6" / M4
A

! Best present limit is from CDF:

BR(B " ) 4 10 8 @ 90% CL

CDF

BR(Bs " µµ) < 4.7×10-8 @ 90% CL 

! For the SM prediction

LHCb expects 8 signal and 12LHCb expects 8 signal and 12

background events in the most

sensitive bin in 2 fb-1  . Background is

dominated by semileptonic decaysdominated by semileptonic decays

of different b quarks

! 3# evidence with 2 fb-1 

5# observation with 6fb-1 

11BaBar Symposium April 2009 

rare process in SM that may be affected by 
BSM physics 

Rate requires lattice QCD  
input: Either

Rate / �Mq

B̂Bq
<latexit sha1_base64="L3cWSL9C/aFtsAC8xbnCLE/AdV4="></latexit>

Rate / f2
Bq

|V ⇤
tbVtq|2

<latexit sha1_base64="AA8MjVaO2Am9HbQ7h7j9Irg7jZE="></latexit>

OR

FNAL/MILC:1712.09262

HPQCD, 
1907.01025

Two rates agree: CKM 
consistent with unitarity.

LHC
av.

±1�
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Bs ! µ+µ�
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Improved experimental results 
for                        will soon test 
the SM.
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for Bs eigenmodes
Heavy quark expansion relates 𝛥𝛤 to matrix elements of 
variety of 4-q ops.  First lattice QCD calc. of dim-7 MEs

��s = 0.092(14)ps�1
<latexit sha1_base64="olABCFjU0sNPfNIbfm9/CrXesvg="></latexit>
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FIG. 1: Ratios of unsubtracted and subtracted R matrix
elements to hO1i. Only statistical errors are shown here.

mixing with lower dimension operators [27]. The pres-
ence of the lattice cuto↵ a means that the matrix ele-
ments hR̂2,3i will contain contributions from hÔ1,2i of the
order O(↵s/(amb)). We have used lattice perturbation
theory to calculate the coe�cients ⇠ij which parametrize
this mixing at one-loop level. Matrix elements of the
subtracted operator,

Rsub

i = R̂i � ↵V ⇠ijÔj (4)

will have power-law mixing cancelled through O(↵s).
The coe�cients ⇠ij have not been calculated before. The
procedure is a straightforward extension of Ref. [28], in
particular Sec. IV.B. In this instance the derivative acts
on the light quark propagator instead of the heavy quark
propagator. Numerical values are tabulated in Table I.
For the the strong coupling constant, we use ↵V (2/a) (see
Table I of [29], inferred from the work of [30, 31]). Using
↵MS(mb) [5] in (4) does not significantly a↵ect our
final results.

Fig. 1 illustrates the e↵ect of the subtraction (4). Ma-
trix elements of R̂i and Rsub

i are shown normalized to
hO1i [6]. The fact that the matrix element of the sub-
tracted operator is 50% (R2) to 70% (R3) of the unsub-
tracted operator shows that this subtraction is signifi-
cant. This is of comparable size to the e↵ects seen in
the 1/mb contributions to the B and Bs decay constants
[27, 32] and matrix elements hOji [33]. Fig. 1 shows
that, as expected, the subtraction leads to a reduction in
a-dependence over the range of lattice spacings used.

We must estimate the uncertainty due to not know-
ing the O(↵s) MS-to-lattice matching of the R opera-
tors nor the O(↵2

s) contributions from the dimension-6
operators. Both of these are suppressed by a power of
↵s compared to matrix elements of the two terms in
(4). Therefore, we include these truncation errors in

FIG. 2: Matrix elements of R2 and R3 plotted against lattice
spacing squared. Error bars include systematic uncertainties.
Results of fits to Eq. (5) are plotted as stars.

our results by multiplying our results by a noisy esti-
mator hRii = hRsub

i i(1 + ↵V �amb), where �amb = 0 ± 1
is a Gaussian-distributed random variable, one for each
of the 3 lattice spacings. This is our largest source of
uncertainty.

Our calculations include numerical data obtained with
all quark masses tuned close to their physical values. In
order to include some data with unphysically large values
for the up/down sea quark masses, we assume an ana-
lytic dependence on these masses. We also parametrize
discretization errors, e.g. due to the gluon and staggered
fermion actions, in powers of (a⇤QCD)2 taking ⇤QCD =
500 MeV. Results presented here come from fits to

hRji

f2

Bs
M2

Bs

=�
h
1 + d2(a⇤QCD)2 + d4(a⇤QCD)4

+ cs,val
1

xs + csea

1
(2x0

` + x0
s)
i

(5)

where sea quark mass dependence is parametrized by
x0

` = M2
⇡/(2⇤�)2 and x0

s = (2M2

K � M2
⇡)/(2⇤�)2, with

⇤� = 1 GeV. We use the lattice masses aM⇡ and aMK

tabulated in [17]. For the valence strange quark xs =
M2

⌘s
/(2⇤�)2, the ⌘s being a fictitious flavor-nonsinglet

s̄s pseudoscalar meson, which is nevertheless well-defined
in chiral perturbation theory. Values for aM⌘s on these
ensembles [34] are used to parametrize the di↵erence be-
tween the input valence strange quark mass and the phys-
ical one, using for the “physical” value M⌘s = 688.5(2.2)
MeV [34, 35]. We assume Gaussian priors of 0±1 for the
fit parameters, except for d2, which we take to be 0 ± 5.
In the fits, we find |d2| ⇡ 2.5 ± 2.0.

As one would expect, any sensitivity of the Bs�B̄s ma-
trix elements to the light sea quark mass is much smaller
than our uncertainties. The slight mistunings in the sea
or valence strange quark masses are not large enough to
give a nonzero result for cs

1
parameters. Including terms

quadratic in the x variables has no e↵ect on the fit. Sim-
ilarly, we obtain d4 consistent with zero. Within errors
the data is consistent with a mild a2 dependence.

Mixing between dim-7 and 
dim-6 at O(𝛼s) limits 
accuracy

HPQCD obtain

Experimental average:

Smaller uncertainty than previous 
results that estimated these MEs 

R2 =
1

mb
(b��0~� · ~Ds)(b�s)
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e.g. dim-7 (1/mb) operator

HPQCD - 
1910.00970

Decay width difference

��s = 0.085(4) ps�1
<latexit sha1_base64="eQobVGMmmYaX/LkjYgfZcnqeVRY=">AAACFXicbVDLSgNBEJyNrxhfUY9eBoMQIYbdGDEXIaigxwjmAdkYeieTZMjM7jIzK4QlP+HFX/HiQRGvgjf/xsnjoNGChqKqm+4uL+RMadv+shILi0vLK8nV1Nr6xuZWenunpoJIElolAQ9kwwNFOfNpVTPNaSOUFITHad0bXIz9+j2VigX+rR6GtCWg57MuI6CN1E7n3EvKNWD3CoSAtsJn2M7bpZNs8dDNuQJ0X4o4VKO7+MgZtdMZY06A/xJnRjJohko7/el2AhIJ6mvCQammY4e6FYPUjHA6SrmRoiGQAfRo01AfBFWtePLVCB8YpYO7gTTlazxRf07EIJQaCs90ju9U895Y/M9rRrpbasXMDyNNfTJd1I041gEeR4Q7TFKi+dAQIJKZWzHpgwSiTZApE4Iz//JfUivkneN84aaYKZ/P4kiiPbSPsshBp6iMrlEFVRFBD+gJvaBX69F6tt6s92lrwprN7KJfsD6+AfV8nNc=</latexit>



Future

Conclusion

• Reducing errors further needs improved normalisation of 
the lattice 4-quark operators; Bs/Bd ratios can be improved 
with higher statistics at physical d quark masses. 

• DiRAC has enabled an improved lattice QCD 
calculation of Bd and Bs mixing matrix elements with 
physical u/d quarks. HPQCD, 1907.01025

• Improved precision allows accurate Vts and Vtd 
determn from 𝛥M. Results agree with CKM unitarity.
• First lattice QCD calc. of dim-7 matrix elements for 
𝛥𝛤 of Bs HPQCD, 1910.00970


